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Outline:	
  Longitudinal	
  Data	
  	
  
1.  Repeated	
  point	
  treatment	
  data	
  structures	
  
2.  Es.ma.ng	
  the	
  effects	
  of	
  intervening	
  on	
  more	
  

than	
  one	
  node	
  
–  New	
  causal	
  quan..es	
  
•  Cumula.ve	
  treatment	
  effects	
  
•  Longitudinal	
  Marginal	
  Structural	
  Models	
  
•  Right	
  censoring	
  
•  Direct	
  Effects	
  
•  Dynamic	
  regimes	
  

–  New	
  Iden.fiability	
  Result/Es.mands	
  
–  New	
  Es.mators	
  
•  Maximum	
  Likelihood	
  Subs.tu.on	
  
•  Inverse	
  Probability	
  of	
  Treatment	
  Weighted	
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Example:	
  Abacavir	
  and	
  Cardiovascular	
  
Disease	
  

•  Analysis	
  of	
  observa.onal	
  data	
  from	
  several	
  
cohorts	
  suggested	
  abacavir	
  use	
  associated	
  
with	
  increased	
  risk	
  of	
  myocardial	
  infarc.on	
  
among	
  treated	
  HIV-­‐infected	
  popula.on	
  
– Other	
  analyses	
  found	
  no	
  evidence	
  of	
  such	
  an	
  
associa.on….	
  

•  Example	
  of	
  a	
  causal	
  ques.on:	
  Does	
  current	
  
use	
  of	
  abacavir	
  (ABC)	
  increase	
  risk	
  of	
  
myocardial	
  infarc.on	
  (MI)?	
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  Nota.on	
  for	
  Longitudinal	
  Data	
  
•  L(t)=	
  covariates	
  at	
  .me	
  t,	
  t=1,…,K+1	
  
– The	
  .me-­‐varying	
  equivalent	
  of	
  W	
  
– As	
  usual,	
  a	
  node	
  can	
  be	
  mul.	
  dimensional	
  

•  Y(t)=	
  outcome	
  at	
  .me	
  t,	
  t=1,…,K+1	
  
– Some.mes	
  defined	
  as	
  a	
  subset	
  of	
  L(t)	
  
– Alterna.ve:	
  Y	
  measured	
  only	
  at	
  the	
  end	
  of	
  follow	
  
up,	
  some.mes	
  defined	
  as	
  a	
  subset	
  of	
  L(K+1)	
  

•  A(t)=exposure/treatment	
  at	
  .me	
  t,	
  t=1,…,K	
  
	
  

7/29/12	
   4	
  JSM	
  Short	
  Course	
  (San	
  Diego,	
  CA)	
  



Example:	
  Effect	
  of	
  current	
  abacavir	
  use	
  
on	
  MI	
  risk	
  

•  Monthly	
  Data	
  (Time	
  in	
  month	
  increments)	
  
•  A(t)=Indictor	
  current	
  abacavir	
  use	
  at	
  start	
  of	
  
month	
  

•  Y(t)=Indicator	
  MI	
  during	
  month	
  
•  L(t)=Covariates	
  in	
  prior	
  month	
  
– Other	
  Drugs,	
  Lipids,	
  DM,	
  HTN…	
  
– This	
  can	
  include	
  summaries	
  of	
  pa.ent	
  history	
  up	
  
to	
  start	
  of	
  the	
  month,	
  including	
  past	
  CHD	
  

•  O(t)=(L(t),A(t),Y(t)),	
  t=1,…,K	
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Example:	
  Effect	
  of	
  current	
  abacavir	
  use	
  
on	
  MI	
  risk?	
  

•  Structural	
  Causal	
  Model/Graph	
  for	
  a	
  single	
  
.me	
  point?	
  

L(t):	
  Covariates	
  	
  

A(t):	
  Current	
  use	
  ABC	
   Y(t):	
  MI	
  

L(t) = fL(t)(UL(t))

A(t) = fA(t)(L(t), UA(t))

Y (t) = fY (t)(L(t), A(t), UY (t))
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Example:	
  Effect	
  of	
  current	
  abacavir	
  use	
  
on	
  MI	
  risk?	
  

•  Counterfactual	
  outcomes:	
  Ya(t)(t),	
  t=1,…,K	
  
– Y1(t):	
  counterfactual	
  MI	
  status	
  if	
  used	
  abacavir	
  at	
  
.me	
  t	
  

– Y0(t):	
  counterfactual	
  MI	
  status	
  if	
  did	
  not	
  use	
  
abacavir	
  at	
  .me	
  t	
  

•  Possible	
  target	
  causal	
  quan.ty	
  
– E(Y1(t)-­‐Y0(t)|Y(t-­‐1)=0)	
  
– Difference	
  in	
  risk	
  of	
  (new)	
  CHD	
  at	
  .me	
  t	
  if	
  did	
  vs.	
  
did	
  not	
  use	
  abacavir	
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Example:	
  Effect	
  of	
  current	
  abacavir	
  use	
  
on	
  MI	
  risk?	
  

•  For	
  a	
  given	
  .me	
  point,	
  the	
  data	
  are	
  analogous	
  to	
  
the	
  (W,A,Y)	
  data	
  we	
  have	
  been	
  discussing	
  
– We	
  can	
  consider	
  this	
  as	
  a	
  repeated	
  point	
  treatment	
  
data	
  structure	
  

•  Allows	
  us	
  to	
  use	
  Model,	
  Data,	
  Iden.fiability	
  
Result,	
  and	
  Es.mators	
  previously	
  introduced	
  
–  Can	
  use	
  TMLE	
  package	
  to	
  es.mate	
  the	
  .me	
  point	
  
specific	
  effect,	
  averaged	
  over	
  all	
  .me	
  points	
  

•  Cross-­‐Valida.on	
  and	
  inference	
  need	
  to	
  respect	
  
repeated	
  measures	
  data	
  structure	
  
–  Specify	
  pa.ent	
  ID	
  as	
  unit	
  of	
  independence	
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Cumula.ve	
  effects	
  of	
  longitudinal	
  
treatments?	
  

•  What	
  if	
  we	
  want	
  to	
  know	
  about	
  the	
  effects	
  of	
  
cumula.ve	
  exposure	
  to	
  abacavir?	
  
– Alterna.ve	
  target	
  parameter	
  that	
  inves.gates	
  the	
  
effect	
  of	
  extended	
  abacavir	
  use	
  pajerns?	
  

•  Need	
  to	
  go	
  beyond	
  repeated	
  point	
  treatment	
  
formula.on	
  
–  SCM	
  that	
  incorporates	
  .me-­‐varying	
  covariates	
  and	
  
.me-­‐varying	
  treatment	
  

–  Counterfactual	
  outcomes	
  indexed	
  by	
  interven.ons	
  on	
  
more	
  than	
  one	
  treatment	
  node	
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Nota.on	
  for	
  longitudinal	
  data	
  

•  Over-­‐bars	
  used	
  to	
  refer	
  to	
  the	
  history	
  of	
  a	
  
variable	
  

Ā(t) = {A(1), A(2), ..., A(t)}
Ā = Ā(K) = {A(1), A(2), ..., A(K)}
L̄(t) = {L(1), ..., L(t)}
L̄ = L̄(K + 1) = {L(1), ..., L(K + 1)}
Y � L(K + 1)
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SCM	
  for	
  Longitudinal	
  Data	
  	
  
•  A	
  common	
  SCM:	
  Assumes	
  each	
  variable	
  may	
  
be	
  affected	
  by	
  all	
  preceding	
  variables	
  	
  
–  ie.	
  Parents(X)=	
  all	
  variables	
  that	
  temporally	
  
precede	
  X	
  

	
  
	
  

L(1) = fL(1)(UL1)
A(1) = fA(1)(L(1), UA(1))
L(t) = fL(t)(Ā(t� 1), L̄(t� 1), UL(t)), t = 2, ...,K + 1
A(t) = fA(t)(Ā(t� 1), L̄(t), UA(t)), t = 2, ...,K
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Simplified	
  Abacavir	
  Example	
  	
  
•  Say	
  we	
  measure	
  
–  CHD	
  risk	
  factors	
  (including	
  lipids)	
  at	
  t=1	
  and	
  t=2	
  
– Abacavir	
  use	
  at	
  t=1	
  and	
  t=2	
  
– Outcome=	
  LDL	
  cholesterol	
  at	
  t=3	
  
– Assume	
  no	
  deaths,	
  censoring,	
  or	
  missing	
  data	
  for	
  now	
  

•  We	
  are	
  interested	
  in	
  the	
  difference	
  in	
  expected	
  
LDL	
  at	
  t=3	
  if	
  	
  
–  all	
  subjects	
  had	
  used	
  abacavir	
  at	
  t=1	
  and	
  t=2	
  	
  

	
  versus	
  	
  
–  no	
  subjects	
  had	
  used	
  abacavir	
  at	
  t=1	
  and	
  t=2	
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Abacavir	
  Example:	
  	
  
Longitudinal	
  Causal	
  Graph	
  	
  

A(1):	
  ABC	
  
use	
  at	
  t=1	
  
	
  

A(2):	
  ABC	
  use	
  
at	
  t=2	
  

L(1):	
  CVD	
  risk	
  	
  
factors	
  at	
  t=1	
  

Y(3):	
  LDL	
  at	
  
t=3	
  

L(2):	
  CVD	
  risk	
  
factors	
  at	
  t=2	
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Counterfactuals	
  indexed	
  by	
  
longitudinal	
  exposures	
  

•  Original	
  SCM	
   •  Modified	
  SCM,	
  intervening	
  
on	
  abacavir	
  use	
  at	
  .mes	
  1	
  
and	
  2?	
  

L(1) = fL(1)(UL1)
A(1) = fA(1)(L(1), UA(1))
L(2) = fL(2)(L(1), A(1), UL(2))
A(2) = fA(2)(A(1), L̄(2), UA(2))
Y = fY (L̄(2), Ā(2), UY )

7/29/12	
   14	
  JSM	
  Short	
  Course	
  (San	
  Diego,	
  CA)	
  



Counterfactuals	
  indexed	
  by	
  
longitudinal	
  exposures	
  

•  Original	
  SCM	
   •  Modified	
  SCM,	
  intervening	
  
on	
  abacavir	
  use	
  at	
  .mes	
  1	
  
and	
  2	
  

L(1) = fL(1)(UL1)
A(1) = fA(1)(L(1), UA(1))
L(2) = fL(2)(L(1), A(1), UL(2))
A(2) = fA(2)(A(1), L̄(2), UA(2))
Y = fY (L̄(2), Ā(2), UY )

L(1) = fL(1)(UL1)
A(1) = a(1)
L(2) = fL(2)(L(1), a(1), UL(2))
A(2) = a(2)
Y = fY (L̄(2), ā(2), UY )
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Counterfactuals	
  indexed	
  by	
  longitudinal	
  
exposures	
  

•  Modified	
  SCM/Graph	
  

	
  
•  Defines	
  counterfactual	
  outcome	
  intervening	
  on	
  
ABC	
  use	
  at	
  two	
  .me	
  points:	
  

L(1) = fL(1)(UL1)
A(1) = a(1)
L(2) = fL(2)(L(1), a(1), UL(2))
A(2) = a(2)
Y = fY (L̄(2), ā(2), UY )

A(1)	
   A(2)	
  

L(1)	
  

Y	
  

L(2)	
  
a(1)	
   a(2)	
  

Ya(1),a(2) = Yā
Interven.on	
  on	
  counterfactual	
  
	
  exposure	
  history	
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Example	
  causal	
  target	
  quan.ty	
  
•  Denote	
  the	
  distribu.on	
  of	
  the	
  corresponding	
  
counterfactual	
  outcomes	
  FX	
  

	
  

•  Example:	
  Target	
  counterfactual	
  parameter	
  

– Difference	
  in	
  expected	
  LDL	
  if	
  all	
  subjects	
  had	
  
versus	
  had	
  not	
  used	
  abacavir	
  at	
  t=1	
  and	
  t=2	
  

Yā � Ya(1),a(2)

{Yā : a ⇤ A} ⇥ FX , where A = {00, 01, 10, 11}
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Defining	
  target	
  causal	
  quan.ty	
  using	
  a	
  
Longitudinal	
  Marginal	
  Structural	
  Model	
  
•  Example:	
  How	
  does	
  cumula.ve	
  .me	
  exposed	
  
to	
  abacavir	
  affect	
  LDL	
  at	
  the	
  end	
  of	
  the	
  study?	
  
– Ex.	
  Working	
  MSM	
  

•  How	
  does	
  this	
  effect	
  differ	
  depending	
  on	
  
baseline	
  renal	
  func.on	
  (V)?	
  
– Ex.	
  Working	
  MSM	
  

E(Yā) = �0 + �1

K�

t=1

a(t)
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E(Yā|V ) = �0 + �1

KX

t=1

a(t) + �2V + �3V ⇥
KX

t=1

a(t)



Survival	
  Data	
  

•  So	
  far,	
  we	
  have	
  focused	
  on	
  a	
  con.nuous	
  
outcome,	
  measured	
  at	
  the	
  end	
  of	
  the	
  study	
  on	
  
everybody	
  (assumed	
  no	
  death	
  or	
  censoring/
LTFU)	
  

•  Now	
  let’s	
  return	
  to	
  the	
  original	
  outcome:	
  MI	
  
– Restrict	
  popula.on	
  to	
  those	
  without	
  history	
  of	
  MI	
  
–  Interested	
  in	
  .me	
  to	
  first	
  MI	
  

•  T=	
  .me	
  of	
  first	
  MI	
  
•  Y(t)=I(t≤T)	
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Examples	
  of	
  target	
  causal	
  quan..es	
  
with	
  survival	
  outcome	
  

•  Example:	
  How	
  does	
  counterfactual	
  (discrete)	
  
hazard	
  of	
  MI	
  vary	
  as	
  a	
  func.on	
  of	
  cumula.ve	
  
abacavir	
  exposure	
  since	
  study	
  enrollment?	
  

	
  
•  Example	
  of	
  MSM	
  we	
  could	
  use	
  to	
  define	
  the	
  
target	
  quan.ty?	
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PFX (Yā(t) = 1|Yā(t� 1) = 0)

logit (PFX (Yā(t) = 1|Yā(t� 1) = 0)) =

�0 + �1t + �2

t�

j=1

a(j) + �3t⇥
t�

j=1

a(j)



What	
  about	
  censoring?	
  

•  So	
  far,	
  we	
  have	
  assumed	
  no	
  censoring/loss	
  to	
  
follow	
  up	
  
– All	
  subjects	
  followed	
  un.l	
  min(K+1,T)	
  

•  In	
  prac.ce,	
  of	
  course,	
  this	
  is	
  implausible	
  
– Abacavir	
  example-­‐	
  data	
  are	
  gathered	
  as	
  part	
  of	
  
(several)	
  clinical	
  cohorts	
  	
  
•  Pa.ents	
  transfer	
  to	
  other	
  clinics,	
  drop	
  out	
  of	
  care…	
  

– Loss	
  to	
  follow	
  up	
  ubiquitous	
  in	
  both	
  observa.onal	
  
and	
  RCT	
  datasets	
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Incorpora.ng	
  censoring	
  

•  We	
  can	
  incorporate	
  censoring	
  in	
  the	
  SCM	
  as	
  a	
  
set	
  of	
  an	
  addi.onal	
  X	
  nodes	
  in	
  our	
  graph	
  (with	
  
their	
  own	
  structural	
  equa.ons)	
  

•  Define	
  C	
  as	
  .me	
  when	
  leave	
  the	
  cohort	
  	
  
– Censoring	
  .me	
  

•  C(t)=I(C>t)	
  
–  Indicator	
  s.ll	
  in	
  follow	
  up	
  at	
  .me	
  t	
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Example	
  of	
  an	
  SCM	
  with	
  censoring	
  

•  For	
  example,	
  if	
  assume	
  temporal	
  ordering	
  for	
  
a	
  given	
  t:	
  L(t),	
  A(t),	
  C(t),	
  Y(t)	
  	
  

For t = 1, ...,K

L(t) = fL(t)(
¯L(t� 1), ¯A(t� 1), ¯C(t� 1), UL(t))

A(t) = fA(t)(
¯L(t), ¯A(t� 1), ¯C(t� 1), UA(t))

C(t) = fC(t)(
¯L(t), ¯A(t), ¯C(t� 1), UC(t))

Y (t) = fY (t)(
¯L(t), ¯A(t), ¯C(t), UY (t))
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Defining	
  a	
  target	
  causal	
  quan.ty	
  in	
  the	
  
presence	
  of	
  censoring	
  

•  Can	
  now	
  think	
  of	
  intervening	
  not	
  only	
  on	
  
exposure/treatment	
  at	
  mul.ple	
  .me	
  points,	
  
but	
  also	
  intervening	
  on	
  censoring/loss	
  to	
  
follow	
  up	
  

•  Example:	
  What	
  is	
  the	
  effect	
  of	
  cumula.ve	
  
abacavir	
  exposure	
  on	
  hazard	
  of	
  MI	
  if	
  all	
  loss	
  to	
  
follow	
  up	
  from	
  the	
  cohort	
  had	
  been	
  
prevented?	
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Defining	
  a	
  target	
  causal	
  quan.ty	
  in	
  the	
  
presence	
  of	
  censoring	
  

•  Counterfactuals	
  of	
  interest	
  defined	
  by	
  
intervening	
  on	
  two	
  types	
  of	
  nodes:	
  	
  
– Exposure	
  (abacavir	
  use	
  up	
  .ll	
  .me	
  t)	
  	
  
– Censoring	
  (stay	
  in	
  cohort	
  up	
  .ll	
  .me	
  t)	
  
Yā,c̄=0(t) : ā 2 A, t = 1, ...,K

For t = 1, ...,K

L(t) = fL(t)(
¯L(t� 1), ¯A(t� 1) = ā(t� 1), ¯C(t� 1) = 0, UL(t))

A(t) = a(t)

C(t) = 0

Y (t) = fY (t)(
¯L(t), ¯A(t) = ā(t), ¯C(t) = 0, UY (t))
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Example	
  of	
  target	
  causal	
  quan..es	
  
with	
  survival	
  outcome	
  and	
  censoring	
  
•  Discrete	
  counterfactual	
  hazard:	
  
	
  

•  Again,	
  can	
  pose	
  a	
  (working)	
  MSM	
  for	
  how	
  this	
  
varies	
  as	
  a	
  func.on	
  of	
  .me	
  and	
  cumula.ve	
  
exposure	
  

P (Yā,c̄=0(t) = 1|Yā,c̄=0(t� 1) = 0)

P (Yā,c̄=0(t) = 1|Yā,c̄=0(t� 1) = 0) = m(ā, t|�)
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Addi.onal	
  target	
  causal	
  quan..es:	
  
Effect	
  Media.on	
  

•  Interven.ons	
  on	
  more	
  than	
  one	
  node	
  can	
  also	
  be	
  
used	
  to	
  study	
  effect	
  media.on	
  
–  Ex:	
  How	
  much	
  of	
  the	
  effect	
  of	
  abacavir	
  (A)	
  on	
  MI	
  (Y)	
  is	
  
due	
  to	
  changes	
  in	
  inflammatory	
  biomarker	
  (Z)?	
  

•  Define	
  counterfactual	
  outcome	
  setng	
  the	
  levels	
  
of	
  both	
  treatment	
  (A)	
  and	
  intermediate	
  (Z):	
  Yaz	
  
–  By	
  fixing	
  level	
  of	
  intermediate,	
  effect	
  of	
  treatment	
  on	
  
outcome	
  cannot	
  be	
  mediated	
  via	
  changes	
  in	
  
intermediate	
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A	
  

Z	
  	
  
a	
  

z	
  

W	
  	
  

Y	
  	
  



Effect	
  Media.on	
  Target	
  Causal	
  
Quan..es	
  

•  Controlled	
  Direct	
  Effect:	
  E(Y1z-­‐Y0z	
  )	
  
– Defini.on,	
  iden.fica.on	
  and	
  es.ma.on	
  results	
  
follow	
  directly	
  from	
  those	
  for	
  longitudinal	
  
exposures	
  	
  	
  

•  Other	
  effect	
  media.on	
  parameters	
  involve	
  
nested	
  counterfactuals	
  
– Za:	
  counterfactual	
  value	
  of	
  intermediate	
  under	
  
treatment	
  level	
  a	
  

– Natural	
  Direct	
  Effect:	
  	
  
–  Indirect	
  Effect:	
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E(Y1Z0 −Y0Z0 )
E(Y1Z1 −Y1Z0 )



Addi.onal	
  target	
  causal	
  quan..es:	
  
Effects	
  of	
  Dynamic	
  Regimes	
  

•  Sta.c	
  regime:	
  Set	
  each	
  interven.on	
  node	
  equal	
  
to	
  some	
  constant	
  
–  Irrespec.ve	
  of	
  subject	
  characteris.cs	
  
– Ex:	
  Always	
  use	
  abacavir	
  

•  Dynamic	
  regime:	
  A	
  subject-­‐responsive	
  strategy	
  
for	
  assigning	
  treatment	
  
– Assign	
  a	
  value	
  to	
  each	
  interven.on	
  node	
  based	
  on	
  
some	
  known	
  func.on	
  of	
  the	
  observed	
  past	
  

7/29/12	
   JSM	
  Short	
  Course	
  (San	
  Diego,	
  CA)	
   29	
  



Effects	
  of	
  Dynamic	
  Regimes	
  

•  Ex.	
  Dynamic	
  regime	
  
– Always	
  use	
  abacavir	
  unless	
  a	
  contraindica.on	
  (CI)	
  
develops,	
  in	
  which	
  case	
  switch	
  to	
  other	
  drug	
  

–  Ex:	
  set	
  Abacavir	
  use	
  at	
  .me	
  t	
  according	
  to	
  rule	
  dt(CI(t)):	
  

•  Effects	
  of	
  dynamic	
  regimes	
  can	
  be	
  defined	
  
analogously	
  to	
  effects	
  of	
  sta.c	
  treatment	
  regimens	
  	
  
–  Ex:	
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dt(CI(t)) = 1 if CI(t) = 0

= 0 if CI(t) = 1

E(Yd̄(t)� Y0̄(t)),

where d̄ = d1(CI(1)), d2(CI(2)), . . . , dt(CI(t))



Dynamic	
  Marginal	
  Structural	
  Models	
  
•  Dynamic	
  regime	
  might	
  also	
  be	
  indexed	
  by	
  some	
  
threshold	
  θ	
  
–  Ex.	
  Don’t	
  use	
  abacavir	
  (ie	
  use	
  alterna.ve	
  such	
  as	
  
tenofovir)	
  unless	
  renal	
  func+on	
  falls	
  below	
  some	
  value	
  
θ,	
  in	
  which	
  case	
  switch	
  to	
  abacavir	
  

–  Ex.	
  set	
  Abacavir	
  use	
  according	
  to	
  rule	
  dθ(CI):	
  

•  MSM	
  can	
  be	
  used	
  to	
  summarize	
  how	
  expected	
  
counterfactual	
  outcome	
  varies	
  as	
  a	
  func.on	
  of	
  θ	
  
–  Ex:	
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d✓(RF (t)) = 0 if RF (t) � ✓

= 1 if RF (t) < ✓

E(Yd̄✓
) = m(✓|�)



Iden.fiability	
  for	
  longitudinal	
  
exposures	
  

•  What	
  causal	
  assump.ons	
  are	
  sufficient	
  for	
  our	
  target	
  
causal	
  quan.ty	
  to	
  be	
  iden.fied	
  as	
  a	
  parameter	
  of	
  the	
  
observed	
  data	
  distribu.on?	
  
1.  Requires	
  new	
  assump.ons	
  (beyond	
  the	
  RA)	
  
2.  Results	
  in	
  new	
  target	
  sta.s.cal	
  parameters	
  (es.mands)	
  
3.  And	
  thus	
  requires	
  new	
  es.mators	
  

	
  

•  Back	
  to	
  our	
  simplified	
  example	
  for	
  illustra.on	
  
–  Effect	
  of	
  Abacavir	
  use	
  at	
  t=1	
  and	
  t=2	
  on	
  LDL	
  at	
  t=3	
  
– Measure	
  CHD	
  risk	
  factors	
  at	
  t=1	
  and	
  t=2	
  
–  Assume	
  no	
  deaths,	
  censoring,	
  or	
  missing	
  data	
  

7/29/12	
   32	
  JSM	
  Short	
  Course	
  (San	
  Diego,	
  CA)	
  



ABC	
  Example:	
  SCM/Graph	
  

A(1):	
  ABC	
  
use	
  at	
  t=1	
  
	
  

A(2):	
  ABC	
  use	
  
at	
  t=2	
  

Y:	
  LDL	
  at	
  
t=3	
  

L(2):	
  CVD	
  risk	
  
factors	
  at	
  t=2	
  
	
  

L(t) = fL(t)(L̄(t� 1), Ā(t� 1), UL(t), t = 1, 2, 3

A(t) = fA(t)(L̄(t), Ā(t� 1), UA(t)), t = 1, 2

Y ⇢ L(3)

L(1):	
  CVD	
  risk	
  
factors	
  at	
  t=1	
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ABC	
  Example:	
  Target	
  Parameter	
  
and	
  Observed	
  Data	
  

•  Target	
  causal	
  parameter	
  
•  Observed	
  data:	
  n	
  i.i.d.	
  copies	
  of	
  

•  Under	
  what	
  condi.ons	
  can	
  we	
  write	
  our	
  
target	
  causal	
  quan.ty	
  as	
  a	
  parameter	
  of	
  the	
  
observed	
  data	
  distribu.on?	
  

	
  

EFX (Yā=1 � Yā=0)

O = (L̄, Ā, Ȳ ) ⇠ P0
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Iden.fiability	
  for	
  the	
  effects	
  of	
  
mul.ple	
  interven.ons	
  

•  What	
  do	
  we	
  need	
  for	
  iden.fiability	
  in	
  this	
  case?	
  
•  Intui.on:	
  Sequen.ally	
  Randomized	
  Trial	
  	
  
– At	
  each	
  .me	
  point,	
  randomize	
  A(t)	
  within	
  strata	
  of	
  
(some	
  subset	
  of)	
  covariates	
  and	
  treatment	
  observed	
  
up	
  un.l	
  then	
  

–  In	
  this	
  case,	
  at	
  each	
  .me	
  point	
  the	
  effect	
  of	
  A(t)	
  on	
  
future	
  nodes	
  is	
  iden.fied	
  
•  We	
  know	
  we	
  measured	
  enough	
  of	
  the	
  past	
  the	
  es.mate	
  the	
  
effect	
  of	
  intervening	
  on	
  that	
  node	
  

– We	
  can	
  es.mate	
  the	
  effect	
  of	
  setng	
  each	
  A(t)	
  
sequen.ally	
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Iden.fiability	
  for	
  mul.ple	
  
interven.ons	
  

•  Sequen.al	
  Randomiza.on	
  Assump.on	
  
	
  
	
  
	
  
–  If	
  A(t)	
  is	
  randomly	
  assigned	
  at	
  each	
  .me	
  point,	
  given	
  
the	
  observed	
  past,	
  this	
  will	
  hold	
  

•  Counterpart	
  to	
  the	
  Randomiza.on	
  Assump.on	
  
for	
  a	
  single	
  interven.on	
  
– Graphical	
  counterpart	
  to	
  backdoor	
  
criterion=“sequen.al	
  back	
  door	
  criterion”	
  	
  
•  (see	
  eg	
  Pearl,	
  Causality,	
  p.	
  352)	
  

	
  

	
  

Yā ⇥ A(t)|L̄(t) = l̄(t), Ā(t� 1) = ā(t� 1)
for all l̄ and ā
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Iden.fiability	
  Result	
  
•  Under	
  the	
  Sequen.al	
  Randomiza.on	
  
Assump.on:	
  	
  

	
  

Ψ(P0):	
  Target	
  sta.s.cal	
  parameter/es.mand	
  

ΨF(PX,U,0):	
  Target	
  causal	
  quan.ty	
  

P (Yā = y) =

X

l̄

✓
P (Y = y|Ā = ā, L̄ = l̄)QK

t=0 P (L(t) = l(t)|Ā(t� 1) = ā(t� 1), L̄(t� 1) = l̄(t� 1))

◆
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Example:	
  Longitudinal	
  G-­‐computa.on	
  
Formula	
  

A(1) A(2) 

L(2) L(1) Y= LDL(3) 
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E(Y11) =
X

l(1),l(2)

✓
E(Y |A(1) = 1, A(2) = 1, L(1) = l(1), L(2) = l(2))⇥
P (L(2) = l(2)|A(1) = 1, L(1) = l(1))⇥ P (L(1) = l(1)))

◆



Posi.vity	
  Assump.on	
  
•  In	
  order	
  for	
  	
  Ψ(P0)	
  to	
  be	
  defined	
  (in	
  a	
  non-­‐parametric	
  
model),	
  need	
  each	
  treatment	
  compa.ble	
  with	
  a	
  
regime	
  of	
  interest	
  to	
  occur	
  with	
  some	
  posi.ve	
  
probability	
  for	
  each	
  possible	
  covariate	
  history	
  
	
  

•  Posi.vity	
  viola.ons	
  are	
  common	
  
– Some	
  types	
  of	
  pa.ents	
  may	
  develop	
  absolute	
  
indica.ons	
  or	
  contraindica.ons	
  for	
  some	
  
treatments	
  
•  Ex.	
  g(ABC(t)=1|Contraindica.on(t))=0	
  

– Can	
  also	
  have	
  lack	
  of	
  support	
  in	
  finite	
  samples	
  due	
  
to	
  chance	
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inf
ā2A

g0(a(t)|Ā(t� 1) = ā(t� 1), L̄(t)) > 0� a.e.



Responding	
  	
  to	
  Posi.vity	
  Viola.ons	
  
•  One	
  Op.on:	
  Realis.c	
  Treatment	
  Rules	
  
– Type	
  of	
  dynamic	
  regime:	
  assign	
  treatment	
  based	
  
on	
  observed	
  past	
  	
  

– Posi.vity	
  assump.on	
  for	
  a	
  dynamic	
  regime:	
  	
  

•  Realis.c	
  rules	
  avoid	
  posi.vity	
  viola.ons	
  by	
  
only	
  assigning	
  treatment	
  values	
  for	
  which	
  
there	
  is	
  adequate	
  support	
  in	
  the	
  data	
  
– Ex:	
  Treat	
  with	
  ABC	
  unless	
  a	
  contra-­‐indica.on	
  
develops	
  
•  g(ABC(t)=dt(Contraindica.on(t))|Contraindica.on(t))=1	
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inf
d̄2D

g0(d(t)|Ā(t� 1) = d̄(t� 1), L̄(t)) > 0� a.e.



Classes	
  of	
  Es.mator	
  of	
  the	
  Target	
  
Parameter	
  Ψ(PO)	
  

•  Likelihood	
  of	
  the	
  Observed	
  Data	
  

	
  
Maximum	
  Likelihood	
  
(Subs.tu.on)	
  

Inverse	
  Probability	
  Weighted	
  
(Es.ma.ng	
  Equa.on)	
  

Targeted	
  Maximum	
  Likelihood	
  (Subs.tu.on)	
  
Augmented-­‐	
  Inverse	
  Probability	
  Weighted	
  (Es.ma.ng	
  Equa.on)	
  
	
  
Efficient	
  (in	
  Non/Semi-­‐Parametric	
  Model)	
  and	
  Double	
  Robust	
  

€ 

L(O) = Q L(t) | A(t −1),L(t −1)( )
t=1

K +1

∏ g A(t) | A(t −1),L(t)( )
t=1

K

∏
$ 

% 
& 

' 

( 
) 

7/29/12	
   41	
  JSM	
  Short	
  Course	
  (San	
  Diego,	
  CA)	
  



Overview:	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

•  Our	
  target	
  sta.s.cal	
  parameter	
  Ψ(P0)	
  is	
  only	
  a	
  
func.on	
  of	
  the	
  Q	
  factors	
  of	
  the	
  observed	
  data	
  
likelihood	
  
– Condi.onal	
  distribu.ons	
  of	
  the	
  non-­‐interven.on	
  
covariates	
  (including	
  the	
  outcome)	
  given	
  their	
  
parents	
  

 (P0) =

X

l̄

✓
P (Y = y|Ā = ā, L̄ = l̄)QK

t=0 P (L(t) = l(t)|Ā(t� 1) = ā(t� 1), L̄(t� 1) = l̄(t� 1))

◆
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Overview:	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

1.  Es.mate	
  these	
  condi.onal	
  distribu.ons	
  	
  
2.  Plug	
  in	
  the	
  resul.ng	
  es.mates	
  to	
  get	
  an	
  

es.mate	
  of	
  Ψ(P0)	
  	
  
•  In	
  prac.ce-­‐	
  ozen	
  use	
  Monte	
  Carlo	
  simula.on	
  
to	
  average	
  w.r.t	
  the	
  distribu.on	
  of	
  the	
  
covariates	
  evaluated	
  at	
  the	
  treatment	
  history	
  
of	
  interest	
  

 (P0) =

X

l̄

✓
P (Y = y|Ā = ā, L̄ = l̄)QK

t=0 P (L(t) = l(t)|Ā(t� 1) = ā(t� 1), L̄(t� 1) = l̄(t� 1))

◆
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Implementa.on	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

1.  Es.mate	
  the	
  condi.onal	
  distribu.on	
  of	
  each	
  
covariate	
  L(t)	
  given	
  its	
  parents	
  (past	
  covariates	
  
and	
  treatment)	
  

•  Recall:	
  L(t)	
  may	
  itself	
  be	
  a	
  high	
  dimensional	
  
vector	
  
–  Mul.ple	
  covariates	
  measured	
  at	
  .me	
  point	
  t	
  
–  Can	
  factorize	
  L(t)	
  into	
  mul.ple	
  condi.onal	
  

distribu.ons	
  
•  Common	
  approach	
  relies	
  on	
  a	
  series	
  of	
  

parametric	
  regression	
  models	
  
–  logis.c	
  regression,	
  linear	
  regression,	
  etc,	
  with	
  

parametric	
  assump.ons	
  on	
  the	
  distribu.on	
  of	
  the	
  
errors	
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Implementa.on	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

•  Simple	
  ABC	
  Example	
  
–  Es.mate	
  the	
  distribu.on	
  of	
  CHD	
  risk	
  factors	
  at	
  

.me	
  1	
  using	
  the	
  empirical	
  distribu.on	
  
–  Es.mate	
  the	
  condi.onal	
  distribu.on	
  of	
  risk	
  

factors	
  at	
  .me	
  2	
  given	
  baseline	
  risk	
  factors	
  and	
  
Abacavir	
  use	
  at	
  .me	
  1	
  

–  Es.mate	
  the	
  condi.onal	
  distribu.on	
  of	
  the	
  
outcome	
  LDL	
  (or,	
  depending	
  on	
  the	
  target	
  
parameter,	
  just	
  the	
  expecta.on)	
  given	
  ABC	
  use	
  
at	
  .mes	
  1	
  and	
  2	
  and	
  risk	
  factors	
  at	
  .mes	
  1	
  and	
  2	
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Implementa.on	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

2.  Use	
  these	
  es.mates	
  to	
  “simulate	
  
counterfactual	
  covariate	
  histories	
  over	
  .me”	
  
setng	
  A(t)=a(t)	
  for	
  t=0,…,K	
  
–  Draw	
  L(1)	
  from	
  the	
  empirical	
  
–  Draw	
  L(2)	
  from	
  es.mate	
  of	
  the	
  condi.onal	
  

distribu.on	
  of	
  L(2)	
  given	
  A(1)	
  and	
  L(1),	
  
setng	
  A(1)=a(1)	
  and	
  L(1)=	
  drawn	
  value….	
  

–  Etc..	
  un.l	
  L(K+1)	
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Implementa.on	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

3.  Repeat	
  many	
  .mes	
  for	
  each	
  treatment	
  
history	
  of	
  interest	
  to	
  get	
  es.mate	
  of	
  the	
  
distribu.on	
  of	
  counterfactual	
  outcome	
  under	
  
that	
  treatment	
  history	
  
–  Example:	
  es.mate	
  the	
  distribu.on	
  of	
  final	
  LDL	
  

under	
  interven.on	
  to	
  always	
  set	
  abacavir	
  use	
  
equal	
  to	
  1	
  and	
  under	
  interven.on	
  to	
  always	
  set	
  
abacavir	
  use	
  equal	
  to	
  0	
  

–  Or	
  under	
  some	
  other	
  interven.on	
  on	
  abacavir	
  
use	
  
•  For	
  example,	
  according	
  to	
  a	
  dynamic	
  rule…	
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Generaliza.ons	
  of	
  Maximum	
  
Likelihood	
  Subs.tu.on	
  Es.mator	
  

•  To	
  incorporate	
  .me-­‐to-­‐event	
  outcome	
  with	
  
right	
  censoring:	
  	
  
– Q	
  factors	
  of	
  the	
  likelihood	
  condi.on	
  on	
  t<T,	
  C(t)=0	
  	
  
– Evaluate	
  setng	
  A(t)=a(t)	
  and	
  C(t)=0	
  	
  

•  To	
  es.mate	
  parameters	
  of	
  working	
  marginal	
  
structural	
  model:	
  	
  
– Regress	
  simulated	
  counterfactual	
  outcomes	
  on	
  
the	
  treatment	
  history	
  used	
  to	
  generate	
  them	
  	
  
according	
  to	
  the	
  specified	
  marginal	
  structural	
  
model	
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Limita.ons	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

•  Point	
  treatment:	
  Relies	
  on	
  doing	
  a	
  good	
  job	
  
es.ma.ng	
  the	
  condi.onal	
  distribu.on	
  of	
  Y	
  
given	
  A,W	
  

•  Longitudinal:	
  Relies	
  on	
  doing	
  a	
  good	
  job	
  
predic.ng	
  the	
  distribu.on	
  of	
  each	
  covariate	
  at	
  
each	
  .me	
  point,	
  given	
  past	
  covariates	
  and	
  
past	
  treatment/exposure	
  

Q(L(t) | L(t −1),A(t −1)) : t = 1,...,K +1
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Limita.ons	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

•  If	
  we	
  had	
  sufficient	
  knowledge	
  to	
  specify	
  
parametric	
  models	
  for	
  the	
  all	
  the	
  Q	
  factors	
  of	
  
the	
  likelihood	
  then	
  this	
  approach	
  would	
  be	
  
great	
  
–  Just	
  maximum	
  likelihood	
  es.ma.on-­‐	
  efficient	
  

•  However,	
  we	
  essen.ally	
  never	
  have	
  such	
  
knowledge	
  

•  Reliance	
  on	
  misspecified	
  parametric	
  models	
  is	
  
an	
  even	
  bigger	
  problem	
  with	
  longitudinal	
  data	
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Limita.ons	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

•  We	
  can	
  treat	
  this	
  as	
  a	
  series	
  of	
  predic.on	
  
problems	
  
– Use	
  loss-­‐based	
  learning/	
  cross	
  valida.on/	
  super	
  
learner	
  to	
  aim	
  for	
  op.mal	
  es.mates	
  of	
  each	
  
condi.onal	
  distribu.on	
  while	
  respec.ng	
  the	
  non-­‐
parametric	
  model	
  

– Density	
  es.ma.on	
  is	
  hard,	
  but	
  there	
  are	
  tricks	
  we	
  
can	
  use….	
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Limita.ons	
  of	
  Maximum	
  Likelihood	
  
Subs.tu.on	
  Es.mator	
  

•  However-­‐	
  even	
  the	
  best	
  tools	
  do	
  not	
  ensure	
  
that	
  we	
  will	
  do	
  a	
  good	
  job	
  at	
  es.ma.ng	
  our	
  
target	
  parameter	
  
– The	
  right	
  bias	
  variance	
  tradeoffs	
  for	
  the	
  purposes	
  
of	
  es.ma.ng	
  each	
  condi.onal	
  distribu.on	
  will	
  be	
  
the	
  wrong	
  bias	
  variance	
  tradeoffs	
  for	
  our	
  lower	
  
dimensional	
  target	
  parameter	
  

– Again,	
  our	
  causal	
  effect	
  es.mate	
  will	
  be	
  overly	
  
biased	
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Classes	
  of	
  es.mator	
  of	
  the	
  Target	
  
Parameter	
  Ψ(P0)	
  

•  Likelihood	
  of	
  the	
  Observed	
  Data	
  

	
  
Maximum	
  Likelihood	
  
(Subs.tu.on)	
  

Inverse	
  Probability	
  Weighted	
  
(Es.ma.ng	
  Equa.on)	
  

Targeted	
  Maximum	
  Likelihood	
  (Subs.tu.on)	
  
Augmented-­‐	
  Inverse	
  Probability	
  Weighted	
  (Es.ma.ng	
  Equa.on)	
  
	
  
Efficient	
  (in	
  Non/Semi-­‐Parametric	
  Model)	
  and	
  Double	
  Robust	
  

€ 

L(O) = Q L(t) | A(t −1),L(t −1)( )
t=1

K +1

∏ g A(t) | A(t −1),L(t)( )
t=1

K

∏
$ 

% 
& 

' 

( 
) 
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Overview:	
  Longitudinal	
  IPTW	
  
Es.mator	
  

•  The	
  inverse	
  probability	
  (of	
  treatment)	
  weighted	
  
es.mator	
  (IPTW)	
  provides	
  an	
  alterna.ve	
  
approach	
  

•  Based	
  on	
  es.ma.ng	
  the	
  condi.onal	
  distribu.ons	
  
of	
  the	
  interven.on	
  nodes	
  
– How	
  was	
  the	
  exposure	
  assigned/censoring	
  
determined	
  in	
  the	
  current	
  data?	
  

–  “Treatment	
  mechanism”	
  	
  
•  Not	
  a	
  subs.tu.on	
  es.mator.	
  Instead,	
  defined	
  as	
  
the	
  solu.on	
  to	
  an	
  es.ma.ng	
  equa.on	
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Intui.on:	
  Longitudinal	
  IPTW	
  Es.mator	
  
•  Confounding	
  is	
  analogous	
  to	
  biased	
  sampling	
  
•  If	
  exposure	
  were	
  randomly	
  assigned	
  at	
  each	
  
.me	
  point,	
  probability	
  of	
  exposure	
  would	
  be	
  
independent	
  of	
  past	
  history	
  

•  Instead,	
  because	
  exposure	
  assignment	
  
depends	
  on	
  a	
  subject’s	
  history,	
  some	
  
covariate	
  and	
  exposure	
  combina.ons	
  are	
  
over-­‐represented	
  in	
  our	
  sample	
  and	
  others	
  
are	
  under-­‐represented	
  	
  
– Compared	
  to	
  what	
  would	
  have	
  been	
  seen	
  in	
  a	
  
hypothe.cal	
  randomized	
  trial	
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Intui.on:	
  Longitudinal	
  IPTW	
  Es.mator	
  
•  IPTW:	
  	
  
– Up-­‐weight	
  subjects	
  with	
  under-­‐represented	
  
covariate	
  and	
  exposure	
  combina.ons	
  	
  

– Down	
  weight	
  over-­‐represented	
  covariate	
  and	
  
exposure	
  combina.ons	
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Example:	
  Intui.on	
  Behind	
  	
  
Longitudinal	
  IPTW	
  Es.mator	
  

•  If	
  ABC	
  use	
  were	
  randomly	
  assigned	
  at	
  each	
  .me	
  
point,	
  subjects	
  with	
  higher	
  and	
  lower	
  CHD	
  risk	
  
would	
  be	
  equally	
  likely	
  to	
  be	
  treated	
  with	
  ABC	
  

•  Instead,	
  say	
  subjects	
  with	
  renal	
  disease	
  
preferen.ally	
  get	
  treated	
  with	
  ABC	
  
–  Subjects	
  with	
  renal	
  disease	
  treated	
  with	
  ABC	
  over-­‐
represented	
  in	
  our	
  sample	
  
•  Those	
  subjects	
  who	
  have	
  this	
  covariate/treatment	
  
combina.on	
  get	
  smaller	
  weights	
  

–  Subjects	
  without	
  renal	
  disease	
  treated	
  with	
  ABC	
  
under-­‐represented	
  in	
  our	
  sample	
  
•  Those	
  subjects	
  who	
  have	
  this	
  covariate/treatment	
  
combina.on	
  get	
  bigger	
  weights	
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Implementa.on:	
  Longitudinal	
  IPTW	
  

1.  Es.mate	
  treatment	
  mechanism	
  
–  Distribu.on	
  of	
  interven.on	
  nodes	
  given	
  the	
  observed	
  

past	
  for	
  each	
  .me	
  point	
  t=1,…,K:	
  

•  ABC	
  Example:	
  Es.mate	
  the	
  probability	
  of	
  
being	
  treated	
  with	
  abacavir	
  in	
  a	
  given	
  
month	
  given	
  covariate	
  CHD	
  risk	
  factor	
  and	
  
abacavir	
  treatment	
  history	
  up	
  .ll	
  that	
  
month	
  

€ 

g A(t) | A(t −1),L(t)( )
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Implementa.on:	
  Longitudinal	
  IPTW	
  

2.  For	
  each	
  subject	
  and	
  .me	
  point,	
  es.mate	
  the	
  
predicted	
  probability	
  of	
  the	
  subject	
  receiving	
  
his	
  observed	
  exposure	
  at	
  that	
  .me	
  point	
  	
  
–  Given	
  that	
  subject’s	
  covariate	
  and	
  treatment	
  history	
  
–  For	
  i=1,..,n;	
  t=1,…,K	
  
	
  

•  ABC	
  Example:	
  	
  
–  For	
  .me	
  points	
  treated	
  with	
  abacavir,	
  predicted	
  

probability	
  of	
  being	
  treated	
  given	
  observed	
  past	
  
–  For	
  .me	
  points	
  not	
  treated,	
  predicted	
  probability	
  of	
  

not	
  being	
  treated	
  given	
  observed	
  past	
  

€ 

ˆ g Ai(t) | Ai(t −1),Li(t)( )
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Implementa.on:	
  Longitudinal	
  IPTW	
  
3.  Es.mate	
  the	
  predicted	
  probability	
  of	
  a	
  subject	
  

having	
  his	
  observed	
  treatment	
  history	
  
–  Product	
  of	
  .me	
  point-­‐specific	
  predicted	
  probabili.es	
  

•  Weight	
  is	
  inverse	
  of	
  this	
  predicted	
  probability	
  (for	
  
subjects	
  with	
  observed	
  treatment	
  
history=treatment	
  history	
  of	
  interest)	
  	
  € 

ˆ g Ai(t) | Ai(t −1),Li(t)( )
t= 0

K

∏

ŵi =
1

ĝ Ai (t) | Ai (t −1),Li (t)( )
t=0

K

∏
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Implementa.on:	
  Longitudinal	
  IPTW	
  
4.  Take	
  weighted	
  average	
  of	
  observed	
  outcome	
  across	
  

the	
  popula.on	
  

•  Subjects	
  who	
  did	
  not	
  receive	
  the	
  treatment	
  history	
  of	
  
interest	
  get	
  weights=0	
  

•  Subjects	
  who	
  did	
  receive	
  the	
  treatment	
  history	
  of	
  
interest	
  get	
  weights	
  inversely	
  propor.onal	
  to	
  their	
  
predicted	
  probability	
  of	
  receiving	
  their	
  observed	
  
treatment	
  history	
  given	
  their	
  observed	
  past	
  

Ê(Ya ) =
1
n

I(Ai = a)

ĝ Ai (t) | Ai (t −1),Li (t)( )
t=0

K

∏
Yi

#

$

%
%
%
%

&

'

(
(
(
(

i=1

n

∑
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IPTW	
  Es.mator	
  for	
  a	
  Longitudinal	
  
Marginal	
  Structural	
  Model	
  

•  Target	
  causal	
  quan.ty:	
  

–  Ex:	
  

•  IPTW	
  es.mator	
  solves	
  the	
  es.ma.ng	
  equa.ons	
  
associated	
  with	
  the	
  following	
  es.ma.ng	
  func.on:	
  

	
  	
  
–  	
  h	
  is	
  a	
  user-­‐supplied	
  non-­‐null	
  func.on	
  of	
  treatment	
  history	
  
–  If	
  we	
  believe	
  our	
  MSM,	
  choice	
  of	
  h	
  affects	
  efficiency,	
  not	
  
consistency	
  

–  	
  If	
  our	
  target	
  parameter	
  is	
  defined	
  using	
  a	
  working	
  MSM,	
  choice	
  
of	
  h	
  defines	
  the	
  projec.on	
  

h(A)

g(A(t) | L(t),A(t −1))
t=1

K

∏
Y − m(A | β) ( )€ 

m(a |β) = β0 + β1 a(t)
t= 0

K

∑

€ 

E(Ya ) = m(a |β)

7/29/12	
   62	
  JSM	
  Short	
  Course	
  (San	
  Diego,	
  CA)	
  



IPTW	
  Es.mator	
  for	
  a	
  Longitudinal	
  
Marginal	
  Structural	
  Model	
  

•  One	
  choice	
  of	
  h:	
  
– As	
  in	
  point	
  treatment	
  case,	
  appealing	
  because	
  	
  

•  It	
  lets	
  us	
  solve	
  for	
  β	
  using	
  standard	
  sozware	
  
•  If	
  there	
  is	
  no	
  confounding,	
  es.mator	
  reduces	
  to	
  
standard	
  least	
  squares	
  es.mator	
  
•  Can	
  improve	
  efficiency	
  by	
  stabilizing	
  weights	
  

•  IPTW	
  Es.mator	
  is	
  solu.on	
  in	
  β	
  to	
  :	
  

h(A) =
d

d�
m(Ā|�)g(Ā)

0 = 1
n

ĝ(Ai )
d
dβ

m(Ai | β)

ĝ(Ai (t) | Li (t),Ai (t −1))
t=1

K

∏
Yi − m(Ai | β) ( )

i=1

n

∑
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•  Fit	
  weighted	
  regression	
  of	
  observed	
  outcome	
  Y	
  on	
  
observed	
  treatment	
  history	
  according	
  to	
  model	
  	
  

	
  
•  With	
  stabilized	
  weights	
  

•  For	
  example	
  of	
  IPTW	
  es.mator	
  of	
  MSM	
  parameter	
  
for	
  .me	
  to	
  event	
  outcome	
  with	
  right	
  censoring,	
  see	
  
Chapter	
  24	
  in	
  Targeted	
  Learning	
  Book	
  

	
  

IPTW	
  Es.mator	
  for	
  a	
  Longitudinal	
  
Marginal	
  Structural	
  Model	
  

m(A | β)

sŵi =
ĝ(Ai )

ĝ Ai (t) | Ai (t −1),Li (t)( )
t=1

K

∏

7/29/12	
   64	
  JSM	
  Short	
  Course	
  (San	
  Diego,	
  CA)	
  



•  Stabilized	
  weights	
  allow	
  weaker	
  ETA:	
  

–  Relies	
  on	
  model 	
   	
   	
  to	
  smooth	
  over	
  sparse	
  
areas	
  of	
  A	
  

•  But	
  when	
  target	
  parameter	
  is	
  defined	
  using	
  a	
  
working	
  MSM,	
  use	
  of	
  stabilized	
  weights	
  
changes	
  the	
  target	
  parameter	
  
–  See	
  Neugebauer&vdL	
  2007	
  

Posi.vity	
  Assump.on	
  

€ 

m(A |β)
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g0(a(t)|Ā(t� 1) = ā(t� 1))

g0(a(t)|Ā(t� 1) = ā(t� 1)L̄(t))
< 1� ae



Limita.ons	
  of	
  IPTW	
  

•  Inefficient	
  
•  Suscep.ble	
  to	
  bias	
  arising	
  from	
  posi.vity	
  
viola.ons/near	
  viola.ons	
  
–  In	
  other	
  words,	
  tends	
  to	
  behave	
  badly	
  in	
  the	
  
presence	
  of	
  strong	
  confounding	
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Limita.ons	
  of	
  IPTW	
  

•  Have	
  to	
  do	
  a	
  good	
  job	
  es.ma.ng	
  treatment/
censoring	
  mechanism	
  
– Again…	
  data	
  adap.ve	
  methods	
  are	
  an	
  op.on	
  
– But…	
  

•  Covariates	
  may	
  be	
  strong	
  predictors	
  of	
  A,	
  but	
  not	
  be	
  
confounders	
  
•  At	
  a	
  minimum,	
  do	
  not	
  blindly	
  include	
  all	
  predictors	
  of	
  
treatment	
  assignment	
  

– The	
  data	
  adap.ve	
  fit	
  of	
  P(A=a|W)	
  is	
  not	
  targeted	
  
at	
  the	
  parameter	
  of	
  interest…	
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Third	
  Class	
  of	
  Es.mator:	
  Double	
  
robust	
  efficient	
  es.mators	
  

•  Implementa.on	
  requires	
  es.ma.ng	
  both	
  g	
  
and	
  Q	
  components	
  of	
  the	
  likelihood	
  

•  Consistent	
  if	
  either	
  is	
  es.mated	
  consistently	
  
•  Efficient	
  if	
  both	
  are	
  es.mated	
  consistently	
  
•  A	
  double	
  robust	
  es.mator	
  that	
  is	
  also	
  a	
  
subs.tu.on	
  es.mator:	
  TMLE	
  
– Details	
  and	
  data	
  example	
  for	
  longitudinal	
  TMLE	
  
coming	
  up	
  next	
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